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Instructions 
 
There are two sections in this examination paper. 
 
Section A Concepts and Skills 150 marks 6 questions 
Section B Contexts and Applications  150 marks 4 questions 
 
Answer questions as follows:  

• any five questions from Section A – Concepts and Skills 
• any three questions from Section B – Contexts and Applications. 

 
 
Write your Examination Number in the box on the front cover. 
 
Write your answers in blue or black pen.  You may use pencil in graphs and diagrams only. 
 
This examination booklet will be scanned and your work will be presented to an examiner on 
screen.  Anything that you write outside of the answer areas may not be seen by the examiner. 
 
Write all answers into this booklet.  There is space for extra work at the back of the booklet.  
If you need to use it, label any extra work clearly with the question number and part. 
 
The superintendent will give you a copy of the Formulae and Tables booklet.  You must return it at 
the end of the examination.  You are not allowed to bring your own copy into the examination. 
 
In general, diagrams are not to scale. 
 
You will lose marks if your solutions do not include relevant supporting work. 
 
You may lose marks if the appropriate units of measurement are not included, where relevant. 
 
You may lose marks if your answers are not given in simplest form, where relevant. 
 

Write the make and model of your calculator(s) here:  
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Section A Concepts and Skills 150 marks 

Answer any five questions from this section. 

Question 1 (30 marks) 

(a) Solve the following equation in 𝑎𝑎 ∈ ℝ, 𝑎𝑎 ≥ −7: 

5 = 1 + √𝑎𝑎 + 7 

 

(b) Rearrange the following to write 𝑝𝑝 in terms of 𝑛𝑛 and 𝑠𝑠, where 𝑛𝑛, 𝑝𝑝, and 𝑠𝑠 are positive real 
numbers: 

1
𝑛𝑛

+
2
𝑝𝑝

=
3
𝑠𝑠

 

  
𝑝𝑝 = ___________________________ 
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(c) 2𝑥𝑥2 + 4𝑥𝑥 − 6  is a factor of  8𝑥𝑥3 + 6𝑥𝑥2 − 44𝑥𝑥 + 30. 

 Using this fact, or otherwise, solve the equation: 

8𝑥𝑥3 + 6𝑥𝑥2 − 44𝑥𝑥 + 30 = 0 

 

  

𝑥𝑥 = ________  , 𝑥𝑥 = ________  , and 𝑥𝑥 = ________ 
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Question 2 (30 marks) 

(a) By writing the recurring part as an infinite geometric series, express the following number  
in the form  

𝑎𝑎
𝑏𝑏

  where 𝑎𝑎, 𝑏𝑏 ∈ ℕ: 

4∙3̇6̇ = 4∙36363636 … 
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(b) Rya is taking out a loan to buy a car.  The annual interest rate (APR) for her loan is 8∙4%. 

 (i) Show that this APR is equivalent to a monthly interest rate of 0∙67%,  
correct to 2 decimal places. 

 

 (ii) Rya’s loan is for €14 000.   
To pay off the loan, she makes equal repayments each month for 5 years.  
She makes the first repayment one month after she takes out the loan. 

  Find the amount of each repayment Rya makes, correct to the nearest cent,  
and hence find the total amount of interest that Rya pays over the 5 years. 

  Assume that the monthly interest rate for the loan is 0∙67%. 

  
Monthly repayment = € ______________  Total interest = € _________________ 
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Question 3  (30 marks) 

(a) The function 𝑓𝑓(𝑥𝑥) = (7𝑥𝑥2)(cos(3𝑥𝑥)). 

 Use the product rule to find 𝑓𝑓′(𝑥𝑥), and hence find the value of  𝑓𝑓′(𝜋𝜋), in terms of 𝜋𝜋. 

  

𝑓𝑓′(𝑥𝑥) : 

𝑓𝑓′(𝜋𝜋) : 
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(b) The function 𝑔𝑔(𝑥𝑥) has the following second derivative:  

𝑔𝑔′′(𝑥𝑥) = 30𝑥𝑥 − 18 

 The slope of the tangent to the curve 𝑦𝑦 = 𝑔𝑔(𝑥𝑥) at the point (−1, 8) is −2. 

 (i) By integrating 𝑔𝑔′′(𝑥𝑥), use this information to find an expression in 𝑥𝑥 for 𝑔𝑔′(𝑥𝑥), the 
first derivative of 𝑔𝑔(𝑥𝑥).  

 

 (ii) Hence, find an expression in 𝑥𝑥 for 𝑔𝑔(𝑥𝑥). 

  

𝑔𝑔′(𝑥𝑥) = ______________________________________ 

𝑔𝑔(𝑥𝑥) = __________________________________________________________ 
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Question 4 (30 marks) 

In this question, 𝑖𝑖2 = −1. 

(a) 𝑢𝑢  is the complex number  𝑢𝑢 = 3 − 7𝑖𝑖. 
  𝑢𝑢  is the complex conjugate of 𝑢𝑢. 

 Write  2𝑢𝑢 + 5𝑖𝑖𝑖𝑖  in the form  𝑎𝑎 + 𝑏𝑏𝑏𝑏, where 𝑎𝑎, 𝑏𝑏 ∈ ℝ. 

 

(b) Use de Moivre’s theorem to find the value of  �3 − √3𝑖𝑖�
8
.   

Give your answer in the form 𝑎𝑎 + 𝑏𝑏𝑏𝑏, where 𝑎𝑎, 𝑏𝑏 ∈ ℝ. 
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(c) 𝑤𝑤 and 𝑣𝑣 are the following two complex numbers, where 𝑎𝑎, 𝑏𝑏 ∈ ℝ and 𝜃𝜃 is an angle 
in degrees: 

  𝑤𝑤 = 𝑎𝑎 (cos 160° + 𝑖𝑖 sin 160°) 

  𝑣𝑣 = 𝑏𝑏 (cos 𝜃𝜃 + 𝑖𝑖 sin𝜃𝜃) 

 For these two numbers, |𝑤𝑤| = 5  and  𝑣𝑣𝑣𝑣 = −15. 

 Use this information to find one possible set of values of 𝑎𝑎, of 𝑏𝑏, and of 𝜃𝜃. 

  
𝑎𝑎 = ________  𝑏𝑏 = ________  𝜃𝜃 = ________ 
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Question 5 (30 marks) 

(a) Write each of the following numbers in the form 4𝑟𝑟, where 𝑟𝑟 ∈ ℚ. 

Number 64 
1

16
 2 

Number in 
the form 𝟒𝟒𝒓𝒓 

   
 

(b) The Venn diagram below shows the following three sets in ℝ: 

• A: all integer multiples of 4 (all numbers that can be written as 4𝑚𝑚 where 𝑚𝑚 ∈ ℤ) 

• B: all numbers that can be written as 4𝑟𝑟 , where 𝑟𝑟 ∈ ℚ 

• D: ℝ\ℚ , the set of irrational numbers. 

 The set A ∩ D is shaded – there are no elements in this part of the Venn diagram. 

  

A: 4𝑚𝑚 
B: 4𝑟𝑟 

 D: ℝ\ℚ 

ℝ 
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 (i) Write each of the following numbers in the correct region in the Venn diagram 
on the previous page. 

64 
1

16
 √3 √2 12 1 

 

 (ii) Write down one element in ℝ that is not in any of the sets A, B, or D. 
Do not use any of the numbers from part (b)(i). 

 

(c) For some real number 𝑘𝑘: 
4𝑘𝑘 = 9 

 Find the value of 𝑘𝑘.  Give your answer in the form  
𝑎𝑎

log3 𝑏𝑏
  where 𝑎𝑎, 𝑏𝑏 ∈ ℕ are constants.  
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Question 6 (30 marks) 

(a) Prove by induction that the following is true for all 𝑛𝑛 ∈ ℕ and 𝒏𝒏 ≥ 𝟕𝟕 : 

𝑛𝑛! > 3𝑛𝑛 
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(b) Solve this equation in 𝑛𝑛 ∈ ℕ : 

(𝑛𝑛 + 1)!
(𝑛𝑛 − 1)!

= 156 

 

(c) 𝑇𝑇1 ,  𝑇𝑇2 ,  𝑇𝑇3 , ... is a geometric sequence, where:  

• the first term, 𝑇𝑇1 < 2 

• the sum of the first two terms, 𝑇𝑇1 + 𝑇𝑇2 = 2 

• the sum of the first three terms, 𝑇𝑇1 + 𝑇𝑇2 + 𝑇𝑇3 < 2 

 Find one possible geometric sequence for which this is true. 
 State the first three terms of your sequence, and find the value of 𝑆𝑆3 = 𝑇𝑇1 + 𝑇𝑇2 + 𝑇𝑇3 . 

  
𝑇𝑇1 = ________ 𝑇𝑇2 = ________ 𝑇𝑇3 = ________ 𝑆𝑆3 = ________ 
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Section B Contexts and Applications 150 marks 

Answer any three questions from this section. 

Question 7 (50 marks) 

A water tank is in the shape of a cylinder.   
Over a 4-minute period of time, the volume of water in the tank can be modelled by: 

𝑉𝑉(𝑡𝑡) = 0∙025 𝑡𝑡3 − 9 𝑡𝑡2 + 550∙8 𝑡𝑡 + 68 900 

where 𝑉𝑉 is in cm3 and 𝑡𝑡 is the time, in seconds, for 0 ≤ 𝑡𝑡 ≤ 240, 𝑡𝑡 ∈ ℝ. 

(a) Find the volume of water in the tank after 1 minute. 

 

(b) Use differentiation to find the rate at which the volume of water in the tank is changing after 

exactly 150 seconds (that is, find 
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

 at this time).  Give your answer in cm3 per second. 
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(c) Find the range of values of 𝑡𝑡 for which the volume of water in the tank is decreasing.   

 

(d) The water in the tank is in the shape of a cylinder with a constant radius of 26 cm and 
a height of ℎ cm, where ℎ ∈ ℝ, ℎ > 0. 

 Find 
𝑑𝑑𝑑𝑑
𝑑𝑑ℎ

  and hence, or otherwise, find the rate of change of the height of the water in the 
tank with respect to time after 150 seconds.   

 Give your answer in cm per second, correct to 2 decimal places.  

 
This question continues on the next page. 

  

 ℎ 

26 
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Water is poured into another container.  The function 𝐶𝐶(ℎ) can be used to model the rate at 
which the height of this water is changing, in centimetres per second, when its height is ℎ cm. 

𝐶𝐶(ℎ) is given by: 

𝐶𝐶(ℎ) =
20

16𝜋𝜋 ℎ − 𝜋𝜋 ℎ2
 

for a particular range of values of ℎ ∈ ℝ, so that 𝐶𝐶(ℎ) is a continuous function of ℎ and has a local 
minimum value. 

(e) Find the local minimum value of 𝐶𝐶(ℎ). 
Give your answer in cm/second, correct to 1 decimal place. 

 Use differentiation in your solution. 
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(f) 𝐶𝐶(ℎ)  is defined for all values of ℎ ∈ ℝ for which 0 < ℎ < 𝑀𝑀, for a constant 𝑀𝑀 ∈ ℝ. 

 Find the biggest value that 𝑀𝑀 can be. 
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Question 8 (50 marks) 

Rían is tuning a piano.   He has an app on his phone that can measure the frequency,  
in Hertz (Hz), of any note on the piano. 

Rían calls one of the notes Concert A, and tunes it so that it has a frequency of 440 Hz. 
He then uses the following function 𝐹𝐹(𝑥𝑥), for 𝑥𝑥 ∈ ℝ, to help him tune the other notes on the 
piano: 

 

For each note on the piano, Rían counts how many notes above (or below) Concert A it is. 

Rían tunes the note that is 𝑥𝑥 notes above Concert A to the frequency 𝐹𝐹(𝑥𝑥), for 𝑥𝑥 ∈ ℕ. 
He tunes the note that is 𝑥𝑥 notes below Concert A to the frequency 𝐹𝐹(−𝑥𝑥), for 𝑥𝑥 ∈ ℕ.  

(a) Rían tunes the note that is 11 notes above Concert A. 

 By setting 𝑥𝑥 = 11, use 𝐹𝐹(𝑥𝑥) to find the frequency of this note, correct to the nearest whole 
number. 

 

(b) Rían tunes the note that is 6 notes below Concert A. 

 Find the frequency of this note.  Give your answer in Hz, correct to 4 significant figures. 

  

2 
𝑥𝑥
12  𝐹𝐹(𝑥𝑥) = 440 × 2  
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(c) Rían knows that the note that is seven notes above Concert A has a frequency of approximately 
660 Hz. 

 Find the actual value of 𝑥𝑥 ∈ ℝ for which  𝐹𝐹(𝑥𝑥) = 660. 
Give your answer correct to 2 decimal places. 

 

(d) Find an expression for 𝐹𝐹′(𝑥𝑥), the derivative of 𝐹𝐹 with respect to 𝑥𝑥.   

 You do not need to simplify your answer. 

 

This question continues on the next page.  
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(e) 𝐺𝐺(𝑥𝑥) is another function that can be used to define the frequency of notes, for 𝑥𝑥 ∈ ℝ. 

 For some number 𝑘𝑘 ∈ ℝ: 

𝐺𝐺(𝑘𝑘) = 197     and     𝐺𝐺′(𝑘𝑘) = 5∙8. 

 (i) Using only this information, estimate the value of 𝐺𝐺(𝑘𝑘 + 2).  
Show your working out. 

 

 (ii) The function 𝐺𝐺(𝑥𝑥) is of the form 

𝐺𝐺(𝑥𝑥) = 𝐴𝐴 𝑒𝑒𝑏𝑏𝑏𝑏 

  where 𝐴𝐴 and 𝑏𝑏 are positive constants. 

  Based on this, state whether the estimate for 𝐺𝐺(𝑘𝑘 + 2) from part (e)(i) is too big or too 
small, compared to the actual value of 𝐺𝐺(𝑘𝑘 + 2), or if we don’t have enough 
information to be sure.   

  Justify your answer.  It may be helpful to draw a diagram. 

Answer: the estimate is  
too big 

the estimate is 
too small 

we can’t  
be sure 

Tick () one box only    

  

Justification: 
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(f) Each person in a choir is either a soprano (S), an alto (A), a tenor (T), or a base (B).   
In this choir: 

• there are 384 people in total 
• there are twice as many altos as there are sopranos 
• there are 12 more tenors than there are bases 
• the number of (sopranos plus altos) is three times the number of (tenors plus bases). 
 

 Work out the number of sopranos, of altos, of tenors, and of bases in the choir.  

 
S = __________   A = __________   T = __________   B = __________ 
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Question 9 (50 marks) 

Ella goes swimming. 
In one session, she swims in sets.  The first three sets are shown in the table below. 

In each set, she swims a certain number of different distances, called shuttles.   
There are 3 shuttles in Set 1: first 20 m, then 40 m, then 20 m.   
This gives a total distance of 80 m for Set 1. 

The first shuttle in each set is 20 m.  The shuttles increase in length by 20 m until they reach 
the maximum for that set, and then decrease by 20 m until the shuttle length returns to 20 m.  
The longest shuttle in each set is 20 m longer than the longest shuttle in the previous set. 

 Shuttles (m) Number 
of shuttles 

Total distance 
(m) 

Set 𝟏𝟏 20 40 20 3 80 

Set 𝟐𝟐 20 40 60 40 20 5  

Set 𝟑𝟑 20 40 60 80 60 40 20  320 

Set 𝟒𝟒    

 
(a) Fill in the missing values in the table above – all of the shuttles for Set 4, and the 4 other 

missing values. 

 

Suppose that Ella keeps swimming longer and longer sets in this way, indefinitely. 

(b) Find the length of the 12th shuttle in Set 14. 
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(c) Find a formula, in terms of 𝑛𝑛 ∈ ℕ, for the total distance (in metres) for Set 𝑛𝑛. 
Give your answer in the form 𝑎𝑎𝑛𝑛2 + 𝑏𝑏𝑏𝑏 + 𝑐𝑐, where 𝑎𝑎, 𝑏𝑏, 𝑐𝑐 ∈ ℝ are constants. 

 

(d) In Set ℎ, shuttle 21 and shuttle 43 are the same length. 
Find the value of ℎ. 

 

(e) Find an expression in 𝑘𝑘 ∈ ℕ for the length of the 𝑘𝑘 th shuttle in Set 18, where 19 ≤ 𝑘𝑘 ≤ 37. 

 

This question continues on the next page.  

Total distance = ____________________________________ 

ℎ = _________ 

Length = _______________________ 
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As part of her training, Ella also lifts weights.  The number of times in a row that she can lift any 
given weight is called the number of reps that she can do with that weight. 

There are different formulas that Ella can use to estimate the heaviest weight that she could lift 
just once, called her one-repetition maximum (𝑀𝑀).   

Two of these formulas are shown below.  Each formula gives a value for 𝑀𝑀 in kg, using the fact 
that Ella can do 𝑟𝑟 reps with a weight of 𝑤𝑤 kg. 

Epley formula: 

𝑀𝑀 = 𝑤𝑤 × �1 + 
𝑟𝑟

30
 � 

Brzycki formula: 

𝑀𝑀 = 𝑤𝑤 × � 
36

37 − 𝑟𝑟
 � 

(f) Find the difference in the value of 𝑀𝑀 given by each formula for 5 reps (𝑟𝑟 = 5). 
Give your answer as a fraction in terms of 𝑤𝑤. 

 

(g) Solve an equation to find the number of reps (𝑟𝑟) for which the two formulas give  
the same value of 𝑀𝑀, for any given weight 𝑤𝑤.   
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Question 10 (50 marks) 

Darek is looking at patterns in the co-ordinate plane. 

(a) (i) The diagram below shows the graphs of the functions 𝑔𝑔(𝑥𝑥) and 𝑔𝑔(𝑥𝑥) + 1. 

  Draw and label the graph of 𝒚𝒚 = 𝒈𝒈(𝒙𝒙) + 𝟑𝟑 on the diagram below,  
using the same axes and scales.  

 

 (ii) The diagram below shows the graphs of the functions ℎ(𝑥𝑥) and ℎ(𝑥𝑥 − 1). 

  Draw and label the graph of 𝒚𝒚 = 𝒉𝒉(𝒙𝒙 + 𝟐𝟐) on the diagram below,  
using the same axes and scales. 

 

This question continues on the next page.  

𝑥𝑥 
-3 -2 -1 1 2 3 

-4 

-3 

-2 

-1 

1 

2 

3 

4 
𝑦𝑦 

𝑦𝑦 = 𝑔𝑔(𝑥𝑥) 

𝑦𝑦 = 𝑔𝑔(𝑥𝑥) + 1  

-4 -3 -2 -1 1 2 3 4 
-1 

1 

2 

𝑥𝑥 

𝑦𝑦 
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The diagram below shows part of the graph of the periodic function 𝑓𝑓(𝑥𝑥).   
The diagram shows more than one full period.  The graph of the function repeats in this way for all 
of 𝑥𝑥 ∈ ℝ.  Use the graph to answer parts (b), (c), and (d). 

 

(b) (i) State the period of the function 𝑓𝑓(𝑥𝑥). 

 

 (ii) There are an infinite number of whole numbers  𝑛𝑛 ∈ ℤ , 𝑛𝑛 ≠ 0, for which the graph of 
𝑦𝑦 = 𝑓𝑓(𝑥𝑥) and the graph of 𝑦𝑦 = 𝑓𝑓(𝑥𝑥 + 𝑛𝑛) are the same.   

  State three possible values of 𝑛𝑛. 

  Note that the graph of 𝑓𝑓(𝑥𝑥 + 𝑛𝑛) is the graph of 𝑓𝑓(𝑥𝑥) shifted 𝑛𝑛 units horizontally. 

 

(c) Find the value of  ∫ 𝑓𝑓(𝑥𝑥)3
0  𝑑𝑑𝑑𝑑.  Show all your working out. 

  

𝑦𝑦 = 𝑓𝑓(𝑥𝑥)  

-6 -5 -4 -3 -2 -1 1 2 3 4 5 6 

-2 

-1 

1 

2 

𝑥𝑥 

𝑦𝑦 
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(d) Based on the graph of 𝑓𝑓(𝑥𝑥) on the 
previous page, 𝑓𝑓′(𝑥𝑥), the derivative of  
𝑓𝑓(𝑥𝑥), is defined for 𝑥𝑥 ∈ ℝ  where  
0 < 𝑥𝑥 < 6 and 𝑥𝑥 ≠ 1, 2, 5. 

 The diagram on the right shows part of 
the graph of 𝑦𝑦 = 𝑓𝑓′(𝑥𝑥).  
It is equal to 3 for 0 < 𝑥𝑥 < 1 and is 
equal to 0 for 1 < 𝑥𝑥 < 2. 

 Draw the graph of 𝒚𝒚 = 𝒇𝒇′(𝒙𝒙) in the 
diagram on the right, 
for 2 < 𝑥𝑥 < 6, 𝑥𝑥 ∈ ℝ, 𝑥𝑥 ≠ 5. 

   

 (e) 𝑗𝑗(𝑥𝑥) is a different function of 𝑥𝑥, with 𝑗𝑗(𝑥𝑥) ≥ 0 for all 𝑥𝑥 ∈ ℝ.   
For a constant 𝑎𝑎 > 1: 

�𝑗𝑗(𝑥𝑥) 𝑑𝑑𝑑𝑑
𝑎𝑎

1

= 200 

 Use this to find the value of the following in terms of 𝑎𝑎 and 𝑏𝑏, where 𝑏𝑏 > 0 is a constant: 

�[ 𝑗𝑗(𝑥𝑥) + 𝑏𝑏 ] 𝑑𝑑𝑑𝑑
𝑎𝑎

1

 

 
This question continues on the next page.  

1 2 3 4 5 6 

-4 

-3 

-2 

-1 

1 

2 

3 
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(f) Darek is investigating if there are any functions ℎ for which ℎ(𝑥𝑥 + 1) = ℎ(𝑥𝑥) + 2. 

 He begins by looking at functions of the form:  

ℎ(𝑥𝑥) = 𝑎𝑎𝑥𝑥2 + 𝑏𝑏𝑏𝑏 + 𝑐𝑐 

 where 𝑎𝑎, 𝑏𝑏, 𝑐𝑐 ∈ ℝ are constants. 

 (i) Darek knows that  ℎ(𝑥𝑥 + 1) = 𝑎𝑎𝑥𝑥2 + 2𝑎𝑎𝑎𝑎 + 𝑎𝑎 + 𝑏𝑏𝑏𝑏 + 𝑏𝑏 + 𝑐𝑐. 

  Use this to find the values of 𝑎𝑎 and 𝑏𝑏 that make the following true for all values of 𝑥𝑥: 

ℎ(𝑥𝑥 + 1) = ℎ(𝑥𝑥) + 2 

 

 (ii) State what information your values of 𝑎𝑎 and 𝑏𝑏 from part (f)(i) give about the graph of 
𝑦𝑦 = ℎ(𝑥𝑥). 

 

𝑎𝑎 = ____________ 𝑏𝑏 = ____________ 
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You may use this page for extra work. 
Label any extra work clearly with the question number and part. 
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